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Abstract. We calculate the zero-point energy of a massive scalar field in the background of an
infinitely thin spherical shell given by a potential of the delta-function type. We use zeta-functional
regularization and express the regularized ground state energy (GSE) in terms of the Jost function of
the related scattering problem. We then find the corresponding heat-kernel coefficients and perform
the renormalization, imposing the normalization condition that the GSE vanishes when the mass of
the quantum field becomes large. Finally, the GSE is calculated numerically. Corresponding plots
are given for different values of the strength of the background potential, for both attractive and
repulsive potentials. The formal transition from a delta-function potential to Dirichlet boundary
conditions is not found to take place in the renormalized GSE.

1. Introduction

In recent years much interest has turned to the study of the Casimir energy for spherical
configurations. The issue concerns in particular the attempt to explain, by means of quantum
field theory (QFT), the puzzling phenomenon of sonoluminescence [1], that is the emission of
short intense pulses of light by collapsing bubbles of air in water. Up to now the hypothesis
that Casimir energy could play a role in the photon emission has not been supported enough
by a satisfactory QFT model for the dielectti@ll. In this context many authors have
studied a spherical shell in the vacuum of the electromagnetic field. Pioneering work on this
configuration is found in [2]. Also, in the last two decades, the bag model [3] has generated
much interest in spherical configurations. In papers [4, 7] the ground state energy (GSE) of
massive fields in the background of a perfectly reflecting shell (a bag) was investigated. A
natural extension of this problem is to consider boundary conditions which become transparent
at high frequencies, what one would expect for physical reasons. One of the simplest models is
a semi-transparent spherical shell realized by a delta-function potential (equation (3) below).
It is also interesting as some kind of intermediate configuration between ‘hard’ boundary
conditions and smooth background potentials. As was discussed in [5], the delta-function
potential has some features in common with the dielectric background.

Inthis paper the GSE of a massive scalar field in the background of a spherically symmetric
delta-function potential is calculated, analytically as far as possible and numerically in the
remaining part. The technique developed in [10] for smooth background potentials is used. It
turns out to be well suited for the delta-function potential, which is of course also not smooth.
This techniqgue makes use of the zeta-functional regularization, which is well known [8, 9].
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The heat-kernel coefficients whose knowledge is required for the renormalization, were first
derived in [5]. Here they are rederived in the course of calculations. The calculation of the
GSE is based on the knowledge of the Jost function of the associated scattering problem, which
is given by a simple formula in terms of Bessel functions.

In the next section the general setup of the renormalization procedure is discussed. In
section 3 the necessary tools from the scattering theory and the general formulae for the
GSE are collected. In section 4 these formulae are specified for the delta-function potential,
the renormalization is carried out and the analytic part of the GSE is calculated. Section 5
contains the investigation of the asymptotic behaviour and in section 6 the numerical results
for the remaining part are presented. The results are discussed in the conclusions.

2. The model

We want to study the GSE of the scalar fiel¢t, X) (to be quantized) in the background of a
potentialV (r). We consider the following field equation:

@O+m?+ V(r)p(x) =0 @)

wherem is the mass of the field. The spherical shell is a geometrical object with r&dinsl
a surfaces, to whom a classical energy in terms of classical parameters can be associated. The
total energy of the system reads

Eror = Eclass + Equant

:<pV+aS+FR+k+%)+<%an> e

n

whereV is the volume of the sphere,is the pressurey is the surface tension arfd, £ and
h are other parameters with no special names. The classical part of the energy is expressed in
a general form in which the dependence on powerB & explicit. This definition is suitable
(as we discuss later) for its renormalization, it was introduced in [6] and used in many works
concerning the bag model and the Casimir energy for fermionic and scalar fields with spherical
boundaries [7]. The quantum contribution in (2) is the traditional expression for the vacuum
energy of a scalar field whose energy eigenvaluesoareTo render the eigenvalues of the
energy discrete we temporarily take a finite quantization volume with rddiss1.

The classical shell is static and spherically symmetric. It is described by a potential

V(r) = %«S(r ~ R 3)

whereq is the strength of the potential. The semi-transparency of the boundary will be
discussed later. The potential could also be expressed in other forms involving the mass, for
instance as

V() =amé(r — R)

since bothn andR are dimensional parameters. However, the choicR isfthe most natural
since the mass concerns the quantum field while the radius concerns the background potential,
which is independent from the field.

The quantum contribution to the total energy is divergent, for the regularization we adopt
the zeta-function technique. (For areview about zeta-regularization techniques see, e.g., [8,9].)
We define the regularized GSE as

Ey =3 (5, +m)Veu® @
()
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wherep is an arbitrary mass parameteris the regularization parameter which we put to zero
after renormalization an,, are the eigenvalues of the wave equation

[—A + V()] (x) = A% b (x). (5)

Now we introduce a zeta function. The zeta function of the wave operator with potgtial
as defined in (5) is

Lvis) =Y (W5, +m?)~". (6)
)
We can express the GSE in terms of this zeta function:
E, = 3tv(s — Hu?. 7
Using
1 o
xS = —/ dr *~te™ (8)
I'(s) Jo
we can write equation (6) in the following form:
d s— l Ant m? 9
Cv(s) = ) r()/ tr 2 9)
or
v (s) = / dr t°~ 1 e 2 Z e_)‘(n)t (10)
T'(s) o
that is
1 0 2
= dr = te ™ K (1). 11
v =5 | o (11

The functionk (¢) is the heat kernel. Taking its asymptotic expansior fer 0,

3/2 oo
K@Dy = exp— )\(n)t)t_)0< ) ZAt/ j=011.. (12

(n)

and making the substitution— s — % in equation (11), we get an expansion&y in which
it is easy to isolate all the divergent (pole) terms. This makes it possible to define the total
divergent contribution to the GSE by

Edv — m’ 1+In4le ! A —m3 A +—m2 1+In4’u2 1) A
¢ T et \s  m2 2) 70 24g327 Y2 T gppa\y T 2 T

m 1 1 42
e Agp— —— (= +In-= —2) A, 13
167327°%% 7 3272 (s m2 ) 2 (13)

The quantitiesA ; are the heat-kernel coefficients. In definition (13) we have included terms
Ay2 andAzj, with a half-integer index, which do not contain poles, to satisfy a normalization
condition (see below). The terms containing poles of the fofsrcbntribute to the ultraviolet
divergencies. In a generic smooth background potefitia) their corresponding cofficients
are well known:

Ay = —/d3 V,(x) (14)
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For the delta potentidV (r) the first two equations still hold, while the coefficies cannot
be obtained from this formula because it would contain a squared delta function and must be
calculated in a different way. We define the renormalized zero-point energy by

E)*" = E,— EJ". (15)

To keep the total energy of the system unchanged we add the subtractedEgﬁTem:t the
classical energy. Then we also have a definition of a new classical energy

€class = Eclass + Egiv~ (16)

The transition fromE ., t0 €455 CONSISts in the renormalization of the classical parameters
contained in equation (2). Since the heat-kernel coefficients are geometrical coefficients
depending on the background (and in our case containing poweR$, afach term in the
classical energy will dimensionally correspond to a terrrE'[j‘i”, then we renormalize as

follows:
m* /1 442 1
pV = pV——— | =+In—= —Z) Ao

6474 \s  m?2 2
3
O'S—)O'S—m—Alz
24732
2 1 42
FR—>FR+%<—+InL2—1>A1 17)
S m
m
k_)k+WA3/2
1 /1 42

However, in our particular case, both thg and A, coefficients, corresponding respectively
to p ando, will turn out to be zerot, then only the last three terms in (17) will undergo
renormalization. Now we have

ren
Eror = €ctass + E¢ .

The old classical energ¥..;; as defined in (2) is an infinite quantity (i.e. unphysical) since
experimentally we can only observe an energy which includes the vacuum fluctuations. The
termi/R in (17) deserves a particular attention. In fact, in the case of a massless quantum field
the vacuum energy takes the forail/R. Therefore, the classical and quantum contributions
would not be distinguishable and the calculatior£gf* would lose its predictive power. This
difficulty makes it impossible (as expressed in section 2 of paper [5]) to apply our procedure
to the casen = 0. Furthermore, we must note that the GSE proposed in (15) does not yet
have a unique meaning. For the uniquenesgf we impose the normalization condition

”!inoo ES" =0 (18)
which physically means that for a field of infinite mass we have no quantum fluctuations. We
fulfil this requirement by subtracting all the contributionsE\j"” proportional to the non-
negative powers of the mass. That is, we also subtract terms with fractionary indices up to
and including the term resulting from the heat-kernel coefficiént The remaining part,
containing only negative powers of, will go to zero form — oco. Note that condition (18)
does not apply to a massless field.

Tt More exactly, the contribution oo does not depend on the background and can be simply ignored.
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3. Representation of the GSE in terms of the Jost function

We adopt the approach which appeared for the first time in [10] for the calculation of the GSE
in the background of a smooth potential. The method for the calculation of the heat-kernel
coefficients for different boundary conditions was developed in an earlier work [11].
In the background of a spherical potential we have a radiald&®@hger equation
2 1+
(ﬁ 7 V(r) ‘”tﬁ,;) $na(r) =0 (19)

wherel is the angular momentum. In the general scattering theory with a continuous spectrum
p we have the ‘regular solution’ [13] defined as

r—0 .
Gpa(r) ~ ji(pr) (20)
where j;(pr) is the Riccati-Bessel function. The asymptotics of the regular solution are
expressed in terms of the Jost functifjip)

¢pi(r) =" I5<ﬁ<p>12,‘<pr) — (P} (pr)) (21)

Whereﬁ,i(pr) are the Riccati—-Hankel functions. Now we examine the field at the boundary

of our quantization volume. As the potential has a compact support then, at the boundary,
expression (21) becomes an exact equation. It can be considered as an equation for the
eigenvaluep = 1, ;. Now taking for instance Dirichlet boundary conditions; ;(L) = 0,

we have

(filp)h; (pL) = £ (p)h; (pL)) = 0. (22)
Now, since equation (22) is satisfied fpr= 1, ,,, we can rewrite the sum in (4) as a contour
integral using the Cauchy theorem

00

E, = u® l;‘a +1/2) /y %(p2 +m2>1/2—“‘% In(fi(p)h; (L) = f(p)h{(pL))  (23)
where the contouy encloses all the solutions of equation (22) on the positivepeatis and
also the bound state solutions in the lihit> oo, which lie on the imaginary axis. We further
simplfy equation (23) by separating the contour into two piggeandy,, and expanding the
Hankel functions for larged.. Then it is possible to recognize in the integrand a tepih i
which corresponds to the Minkowski space contribution. This term can be dropped. Now we
shift the two contourg; andy, to the imaginary axis and substitybe— ik. We then obtain

oo oo
By == Y 12 [kl - i, (29
b4 = " ok
Since at the end our quantization volume will go to infinitf (= oo ) this equation will be
independent from the boundary condition chosen for the quantization volume. Equation (24)
is a very general and useful representation of the GSE, where all the information about the
background potential is contained jj(ik), and possible bound states as well.

In order to perform the analytical continuationste= 0 and the subtraction proposed in
(15) we splitE;*" into two suitable parts, one of which is divergence free. We obtain this by
adding and subtracting the uniform asymptotic expansion of the Jost unction (for more details
on this procedure see [12]). We define

E)" = Ef + Eg (25)
cosm 1 o ad . .
Ep=——— S Z <l + E)/ dk [k? —mz]l/z"‘ﬁ[ln fiik) —In £ (k)] (26)

1
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and

cosrs 1 ° 0 :
E{” _ = 2s 1+ = dk k2 2 1/275_|n as (i) — Edtv 27
o= (1) [k e o ) @)
where f*(ik) is the uniform asymptotic expansion of the Jost function which we will take up
to the third orderinv =/ + % — o0. In fact, three orders are sufficient to make (26) converge
and allow to puts = 0 under the sign of the sum and the integral. Higher orders could be
included to speed up the convergence, but as the reader can check, the final result, that is the
quantity £;" introduced in (15), remains unalterated in whatever orded)(n v In £ (ik)
has been taken because the asymptotics subtracted in the integrand of (26) are added again in
(25).

Now we need the Jost function corresponding to our scattering problem, so we turn to
study the background potential.

4. Jost function of thed-shell

The initial field equation

@O+m? + V(r)p(r) =0 (28)
valid for —oo < r < oo can be divided into two parts: an equation for the free field
at r#R — (O+m?p@(r) =0 (29)

and an equation for the field on the shell, which includes the required transparency conditions

/ / _g
R ¢(R+0)—¢(R—0)—R¢(R)

at r= (30)
¢ being continuous.
For the delta potential the regular solution is
i N A
Gri(r) = jikR)O(R —r) + E(fz(k)hf(kR) — [ ()hi (kR)O(r — R) (31)

consisiting of two pieces inside and outside the radtygespectively. As abovej;(kR)
is the Riccati—Bessel function artqt(kR) are the Riccati—-Hankel functions. Combining
equation (30) with (31) we get

JitkR) = I—(fz(k)flz_(kl’?) - f,*(k)fz,*(kR))
o 2 i (32)
Ejz(kR) =k (E(fz(k)h}_(kR) — (k] (kR)) — jz/(kR)> .

We solve forf;(k), keeping in mind that the Wronskian determinanﬁﬁfis 2i. We find

fitk) = % (-2 + 2i%j,(kR)fz,"(kR)) (33)
or

fik) =1+ % JikRAT(KR). (34)
For the Jost function on the imaginary axis we get

f,(ik) = 1+al,(kR)K,(kR) (35)

which is in terms of the modified Bessel functiolsandK,, wherev = [ + % We also need
the asymptotics of the Jost functioyis (ik), or more exactly the logarithms gf* (ik). The
expansion of the product of the two Bessel functions in (35)% famdv equally large, is easily
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obtained with the help of [14]. Then we find the needed asymptotics as a sum of negative
powers ofv with coefficientsX ; , depending orx. We define

3 .
In £k => 3" X]i—J
n=1 j

_at a2t2+ o t3+a3t3 3at5+5ott7

T 2v 812 16v3 2413 813 1618
with r = 1/,/1+ & Now, inserting (35) and (36) in (26) and (27) the renormalized GSE
E)" = Ey + E, can be calculated. Let us first begin with an analytical simplification of
E.s. We transform the sum ovérinto an integral with the help of the known Abel-Plana
formula [15]

(36)

o 1 o0 © dv  F(iv) — F(—=iv)
Fll+=])= dv F(v) + . 37
; ( 2) /0 vEW) /o 1+em i 37)
In our case we have
o ) .
F(v) = / dk v[k? — m?]V/? T In £ (ik) (38)
which satisfies the validity conditions for equation (3E),, is split into two addends:
COS! *°
B = [T avro) (39)
T 0
and
CoSTTs © dv (F(iv) — F(=iv))
E® _ _ 2 / . 40
as big o 1l+emv i (40)
First we calculatez'Y; for thek- andv-integrations we use the formula
o0 o0 j FE—r@+LSHres+2=8
/ dv v/ dk [k? — m]l/Z—Sit_ = —mi% (3 =9I 2) .(S z) (41)
0 m ok vr 2(mR)"=2T (%)
then
COS! *° 0 0 :
ED = 2002 / dvv / dk [k? — m]V/2™ —In £ (ik))
T 0 m ok
—2s5 .25 —n 3 j—n n—3
_ (MR oy, RTTTG 9T T ) (42)
T w2 INC)

Here, inserting the coefficients of (36) and expanding up to the first ordealinthe terms
which depend on the renormalization parameter we get
ED = 20— <}+In4i2 —2) _ R (}+In£—1> +m—“2.
as 967 R \s m2 8t \s m2 16
The terms proportional ta? andm® contribute to the divergency of the energy. They are used
to calculate the heat-kernel coefficients in (13) and will disappear after the subtracﬂgiﬁ of
The term proportional ta corresponds to thés,» term of the heat-kernel expansion; although
this term generates no divergency it will be as well subtracted as mentioned in section 2, because
of our normalization condition.
Now we calculateE®. The integration ovek is carried out with the formula

oo 4 , A
/ dk [k* — m]l/z_sit-f = 120G~ s)F(s +50) g _
m ok ]"(é) (1 +(2)2)* 7

mR

(43)
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We obtain
i—1
p@ _ C0sTs e Z X, raé- S)FFS +55) 1 '
T T F(%) (Rm)J
© d jv)/—n —jv)i—n
X/ ve;m < (ly) _— ( l_v) ,-1> _ (44)
o 1+ L+ 7 A+ GRa™e
This expression can be transformed into
1 1 4 a2
@ _ _ T4 n = — -
E®? o7 ( In — 2) >R hi(Rm) — hz(Rm)
20 + 3o
th(Rm) - h4(Rm) Rh5(Rm) (45)

where integration by parts was used. The following functions containing-theegrations in
equation (44) are introduced:

o0 v
h = d In|1—
1(x) /0 VT @

X
v 1
hz(x): A dvl+—e277"7
2
00 v2 v2 !
hg()C):/é dv In 1—; <1 eva> (46)
00 v2 1 v2 N\’
h4(x)=/0 dvinji- 2 (5 +e2m>>

o v2| (1
hs(x) =/ dviInjl-— il B
0 X v

We also see that? has a pole of the forn§| for j = n = 1. This pole will contribute to the
heat-kernel coefficien ,.
Now, sinceE; contains no poles, we are able to write down the complete heat-kernel
coefficientsA ;, up to the ordey < 2:
Ao =0 A1/2 =0
2 o
A]_ = —47 R« A3/2 = 7'[3/2052 A2 = —57'[?

This coefficients are the same as in paper [5]. After performing the subtraction
(E(l) +E(2)) _ Ediv

EY cancels completely and onl§(? (whitout its divergent portion) will contribute to the
total energy. So we have, finally,

Eol hy(Rm) — az o ha(R )+2°‘3+3°‘h(1e )
asls=0 = — 53—~ m m _— m

0= 2 Rt 2 487R
e Rh4(Rm) Rh5<Rm>. (47)
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5. Asymptotics of E,

As a test for the plots that we are going to do, we check analytically the behavidiyy &dr
small and for large values a@t. To do so we must find the corresponding asymptotics of the
functionsh,, (x). For R — 0 we find:

lim hy(Rm) ~ In(Rm) - 35+ C1

R—0

ijohg(Rm) ~ R?m?+ C,

lim ha(Rm) ~ —2In(Rm) - (—3) + C3 (48)
R—0

lim ha(Rm) ~ =2In(Rm) - (=1) +C4

lim hs(Rm) ~ =2In(Rm) - (—4) +Cs

where theC, are numbers resulting from theintegrations. Then we have

3
Ny Eas ~ = 10;‘;(33 - ZZNR ('n % N C3) +O(R?) (49)
whereCqo = (—8C1+C3 — C4 + Cs/3) ~ 0.224 andCsz ~ 1.96.
For R — oo we have
1 7
m2R? 1920

Aim ha(Rm) ~ 18

lim hy(Rm) ~ —
R—o00

1
24m2R? (50)
7
480n*R*
16 31

m®R® 16 128

lim hs(Rm) ~
R—o0
lim h4(Rm) ~
R—o00
lim hs(Rm) ~ —
R—o00

and we find

1 o? 1
M Eg~ ——o 2 +0( = ). 51
Al 384mR? <R3) (51)

6. Numerical results

To numerically study the behaviour &f,; we rewrite it in the form

2 3

o o
= Rm) + ——g2(Rm) +
Tor RSV Rm) * Tepge(Rm)+ 7o

where the three functiong, (x) are given by

g1(x) = —8h1(x) + ha(x) — 2ha(x) + 3hs(x)
ha(x)

Eas

g3(Rm) (52)

g2(x) = -2 (53)

2 X
g3(x) = 5hs(x).
As itis clear from (52), for small values of E,, will behave like functiong;(x). For large
values ofw, E,; will behave like functiongs(x).

The plots of the threg, (x) functions are shown below in figure 1. In this, as in all the
following plots,m is set equal to 1.
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g3(x)

92(z)

()

Figure 1. The curves of the, (x) functions for a strength of the potential equal to 1.
R*EEf
0.003

0.002

0.001 F

O\ 5 1 1.5 2
~0.001

Figure 2. The curve ofR x E ¢ (R) for a strength of the potential equal to 1. Hde= 0 the curve
converges t®® x Ey ~ —3.9.

For the complete quantum energy we still need Eyecontribution. In the expression
(26) for Ef, after puttings = 0, we integrate by parts and obtain

© 1\ [® k . o
ZEEY (1+3) [ Tt nto —m i (6

This quantity cannot be further analytically simplified. Below we show (figure 2) a plot of
R - Ey as function ofR for o = 1.

For the total GSE as a function of the radius of the shell we get the curves shown below
(figures 3-5) for different values of the strength of the potential

7. Conclusion

We have obtained a representation of the renormalized GSE of a scalar massive field in the
background of a semi-transparent shell containing convergent integrals of simple functions.
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Figure 3. The renormalized vacuum energg/" (R) for positive and negative values of the
potential.

Eren
0.002 f

0.001

-0.001

-0.002

-0.003

-0.004

~-0.005 -

Figure 4. The renormalized vacuum energ%“”(R) fora = 0.3.

This expression is given by the sum of (52) and (54) and depends only on the two parameters of
the classical system, namely the radius and the strength of the potential of the spherical shell.
The plots of£" as a function of the radius show that for repulsive potentials the renormalized
GSE is positive only in some limited intervals of the radius axis and only whisnsmaller

than 1. For a strength of the potential larger than 1 the energy is always negative. This is the
most striking conclusion of our work. For very large valuescghe shell should be no more
transparent and the problem should formally become a Dirichlet boundary condition problem.
One could check this in equation (35) for the Jost function: here inserting addngeaddend

1 becomes negligible, then one would just have the product of the two modified Besse!

K functions; such a Jost function is exactly the one for a perfectly reflecting spherical shell
(Dirichlet boundary conditions). In that case the GSE is simply the sum of the energies inside
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Bren

po— " " R
0.2 0.4 0.6 0.8 1

~2000 r

~4000 }

-6000 H

-8000 H

-10000

~12000
-14000

Figure 5. The renormalized vacuum energyje”(R) fora = 10.
and outside the shell. Then formally we should have:
||m GSExemi—tmns. — GSEmirror (55)

a—+0oo

Now it is shown in [4] that the ‘mirror’, configuration, in the massive field case, always has
positive GSE for repulsive potentials. This is in contradiction with our plots which show an
opposite sign. Furthermore, tle coefficientin paper[4]is zero. In our worky also remains

a non-zero coefficient in the limit — +oo demonstrating that the transition hypothesized in
(55) is singular. For flat parallel semi-transparent boundaries with delta-function potential in
the vacuum of a scalar massive field, the transition is actually fulfilled as shown in paper [16].
In the configuration analysed in this paper the limit (55) works only for the regularized GSE, as
mentioned above, but after the renormalization the limit is no more valid. This means that the
subtraction of the divergent part of the energy and the kmit +oo are two non-commutative
operations. We remark again that the results of this work cannot be directly applied to the case
of a massless field, since the initial normalization condition would fail and the vacuum energy
would not be univocally defined.
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